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Abstract

For each of Zagier’'s six sporadic Apéry-like recurrences (n +
1)%upy1 = (an® + an + b)u,, — enu, 1 let (B,) be the integer so-
lution and (A4;) the rational second solution, normalised by Ay = 0,
Ay = 1. Numerically the second solution satisfies a Dwork-type seed
congruence p*A;, = Co(p) A; (mod p) in which the constant Cy(p) is a
value of a quadratic Dirichlet character (1, x_3 or x_4 according to the
family). Our main observation is that this constant has an elementary
closed form valid in all siz families simultaneously,

Co(p) = B;_ll (mod p),

so that the character twist is not an independent mystery but is en-
tirely governed by the single residue B,_; mod p of the integer so-
lution. We give a self-contained Casoratian derivation of the seed
congruence: a universal formula for A, /B, as a telescoping sum,
two vanishing lemmas for the zeros of B modulo p, an unconditional
proof of the block-0 seed, and a shift lemma that transports the seed
across every block whose left endpoint is a unit. Combined with
the Malik—Straub Lucas congruences for B and with a propagation
principle this yields, for all six families, the prime structure theorem
vp(ged(dnAn, dnBpn)) > 0 <= p| By, or p | num(4;) (n = jp + no,
v/n < p < n), unconditionally at every prime with no zero of B in [0, p)
and, in general, modulo one explicitly isolated hypothesis (V6) con-
cerning a two-step cross-Casoratian at a residue immediately following
a zero of B. We further prove the character identity B,—1 = x(p)
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(mod p) for five of the six families: for the trivial-character fami-
lies it reduces by Lucas’ theorem to a one-line computation (recov-
ering, modulo p, classical congruences of Chowla—Cowles—Gessel and
Beukers), and for three of the four character families it reduces to
truncated-hypergeometric congruences of Sun—Tauraso and of Morten-
son (Rodriguez-Villegas conjectures); for the remaining family it ap-
pears to be new. All statements are verified exhaustively: over 2380
prime—index pairs, zero exceptions.

1 Setup and notation
Following Zagier [15], consider the Apéry-like recurrence in normal form
(n+ 1)"upt1 = c(n) up, — An"up_g (n>1), (1)

with & = 2, ¢(n) = an®+an+b € Z[n] and A = ¢; here (a, b, ¢) runs over the
six sporadic triples for which (1) admits an integer solution. We denote by
(Bp)n>0 the integer solution normalised by By = 1, By = b, and by (A, )n>0
the second solution normalised by Ag = 0, A; = 1. In every sporadic family
lem(1,...,n)"A, € Z (verified for n < 200), i.e. the denominator growth
exponent is Kk = 2; we keep the letter « in the formulas, as the Casoratian
argument is insensitive to its value.

Family  (a,b,c) b=B; A=c¢ ¥ OEIS
A (7,2,-8) 2 8 1 A000172 (Franel)
B 9,3,27) 3 %7 x_3 A006077
C  (10,3,9) 3 9 y_s A002893
D (11,3,-1) 3 11 A005258 (C(2))
E  (12,4,32) 4 32 x4 A081085
F  (17,6,72) 6 2 x_s A093388

Throughout, p > 5 is a prime and v, is the p-adic valuation on Q. Two
conditions that enter the arguments below are automatic in this range: p 1 A,
because in every sporadic family A is {2,3}-smooth (—8,27,9,—1,32,72);
and p f By = b, because b € {2,3,4,6}. (The prime divisors of A contain
the conductor of the character y of the family, so nothing arithmetic is lost
by p > 5.) The only genuine hypothesis in our main results is p { B,—1; by
(12) below this is the statement B,_1 = x(p) # 0, which we prove for five
of the six families in Section 9. We write n = jp + ng with 0 < ng < p and
1 < j < p for a prime /n < p < n, so that every integer in [0,n] has at



most two base-p digits. We use repeatedly Fermat’s congruence X~ = 1
(mod p) (equivalently A\’ = \') and the Lucas-type congruences for the
integer solution, established for all sporadic sequences by Malik—Straub [6]
and Straub [12]:

Biptrs = By Bs  (mod p) (0<s<p), (2)

of which we need the two instances B;, = B; and By,_1 = B;_1B,_1
(mod p).

The character values below were first found numerically (see Section 11
and [14, App.]) and are proved, for five of the six families, in Section 9:
writing Co(p), C1(p) for the constants in the seed congruences p*A;, =
Co(p)Aj, p*Ajpr1 = Ci(p)A; (mod p), one has C; = bCj and

17 A‘? D’
Co(p) = { x-3(p), B, C, F, (3)
X—4(p>7 E7

X—3, X—4 being the quadratic characters of conductors 3 and 4. The purpose
of this note is to prove that Cp(p) = Bp:ll (mod p) in all six families and to
derive the seed congruence directly, without a family-by-family Beukers-type
explicit formula.

2 The universal Casoratian formula

Let W, := Ap+1By, — AnBpy1 be the Casoratian of the two solutions.

Lemma 1 (universal formula). W,, = \"/(n + 1)*, and for alln >0

Av & A
== Tk, Ty = . 4
B, ,;) : * T (k+ 17 BiBrn )

Proof. From (1) applied to both A and B, (n+1)"W,, = (n+1)"(Ay+1By, —
Aan+1) = )\n”(Aan_l — An_an) = An"W,_1, so W, = ()\n"‘/(n +
D)MYWy,—1. With Wy = A1By — ApB1 = 1 this telescopes to W, =
)\”(n')“/((n + 1)!)”i == )\”/(n + 1)”. Dividing Wk == Ak+lBk - AkBk-i—l by
ByBjy1 gives Apy1/Biy1 — Ag/Br = Wi /(BgByy1) = T; summing from
A()/B() =0 yields (4) ]

Formula (4) holds in every family and requires no Beukers-type explicit
form of A,,. It presupposes By, # 0 (in Q) for the indices involved; this holds



throughout the verified range n < 300 in all six families (families A, C, D,
E, F have positive binomial representations, and the sign-alternating family
B does not vanish there), and only the finitely many indices k& < p enter
each proof below. The only defect of (4) is that the individual summands T},
have poles at the zeros of B modulo p; the next two lemmas control them.

3 Zeros of the integer solution modulo p
Let Z(p):={0<r<p: p|B,}

Lemma 2 (zero-merge). Assume pt Bp—1. If p | B, with 0 < r < p, then
the two summands of (4) adjacent to B, combine into a single p-integral
expression free of By:

A =Le(r)

T+ T, = .
e G F 1 BB

In particular the pole at B, cancels regardless of the depth vy(B,) > 1.

Proof. Factor B, out of both summands:

N1 A } AN (r 4+ 1)"Bryy + Mt By

+ .
B, Lr&B,_4 (7“ + 1)”Br+1

Tr 14T, =
et B, ro(r+ 1)"B, 1B, 1

By the recurrence (1) at index n =r, (r+1)*By41+Ar"*B,_1 = ¢(r)B,, and
the factor B, cancels, leaving the stated p-integral expression (its denomi-
nator r*(r + 1)*B,_1 B4 is a p-unit once B,_1, B,y are, which Lemma 3
guarantees). O

Lemma 3 (non-adjacency). If p{ By_1, then no two elements of Z(p) are
consecutive, and Z(p) C {1,...,p — 2}; in particular for each r € Z(p)
both B,_1 and B,11 are p-units (for r = 1 this uses By = 1). If moreover
p 1t B1 — automatic for the siz sporadic families and p > 5 — then Z(p) C

{2,...,p—2}.

Proof. Suppose p | B, and p | B4 for some r < p—3. Reducing (1) at index
n =r+ 1 modulo p gives (r 4+ 2)*B,42 = ¢(r + 1)Byy1 — A(r +1)*B, =0
(mod p); as r +2 < p — 1 the factor (r 4+ 2)” is invertible, so p | By1a.
Iterating forward gives p | Bp—1, contradicting the hypothesis. Thus zeros
are non-adjacent. The value By = 1 and (by hypothesis) B,_; are units,
so Z(p) avoids 0 and p — 1; non-adjacency then makes both neighbours of
every r € Z(p) units. O



4 The block-0 seed

Proposition 1 (block-0 seed, unconditional). Let p > 5 with p t A Bp_1.
Then
ptA, = Bpill = BpillAl (mod p).

Proof. By Lemma 1, p*A, = B, Zi;é p"Ty. We isolate the unique sum-
mand whose valuation is negative. For k < p — 2 the factor (k + 1)" is a
p-unit; grouping the (by Lemma 3 non-adjacent, and away from 0 and p—1)
zeros r € Z(p) through Lemma 2, the partial sum Zi;g T}, is p-integral.
Since B, € Z, multiplication by p" annihilates this part: p~B, Zﬁ;g T.=0
(mod p).

In the remaining summand k = p — 1 — the only pole of order kK — the
factor B), cancels exactly:

AP-1 APl .

= =B
pRBp—pr Bp—l p-t

p"ByTy—1=p"Byp- (mod p),

using Fermat’s congruence A’~! = 1 and p{ B,_1. Hence p*A, = B !

pip and

A =1 O

This is the seed congruence (3) in the case j = 1, and it already identifies
the constant: Cy(p) = Bz;ll (mod p). The remaining sections propagate it
tol <j <p.

5 The shift lemma
For 0 <u <p—1set

Gu = A(u+1)pBup — A’MPB(T,L+1)p

Lemma 4 (shift lemma). Let p > 5 with pt ABp—1. Then for all 0 < u <
p—1
)\'LL

P (u+1)" By

(mod p).

Proof. The argument transports the block-0 seed of Proposition 1 to the
block [up, (u + 1)p) without ever dividing by B,,; the difficulty caused by a
zero of B inside the block is absorbed into the observation that a suitably
restarted second solution is congruent to the original one modulo p.



Step 1 (a solution vanishing at up). Fix u and set D(z) := AzBy, —
AypB;. As a fixed linear combination of the two solutions of (1), D is itself
a solution in the variable z. It satisfies D(up) = 0 and

AUP

D(up +1) = Aupt1Bup — AupBupt1 = Wyp = (up+ 17

a p-unit value (the denominator up + 1 is a p-unit).

Step 2 (factorisation through a restarted solution). Let (ig)z>0 be the
solution of the recurrence obtained by restarting at index up, i.e. with the
same coefficients c(up + ), (up + x)" and initial data 49 = 0, a3 = 1.
Because a second-order linear recurrence with nonzero (rational) leading
coefficient has a unique solution with prescribed g, @y, and D(up) = 0,
D(up + 1) = Wy, we get the identity D(up + z) = Wy, G, for all z > 0. In
particular

G = D((u+ 1)p) = Wap . (5)

Step 8 (the restarted solution equals A mod p). For 0 < x < p — 1 the

value @, is p-integral: by induction the divisor (up + = + 1) occurring at
step z is a p-unit for x < p — 2. Moreover, modulo p,

K

clup+z)=c(r), (up+x)"=2" (mod p),

because c is a polynomial; hence the restarted recurrence reduces modulo p
to the original recurrence, and (g, @) = (0,1) = (Ao, A1). Therefore

iy = Ay (mod p) (0<z<p-1), (6)

A, being p-integral for x < p.

Step 4 (the boundary step). The one remaining index is x = p, where
the leading coefficient degenerates. Write the exact recurrence for u at
m=(u+1)p—1:

((u+ 1)p) 1, = c(m) p—1 — A Ty_o.

Since m = p — 1 (mod p) we have ¢(m) = ¢(p — 1), m" = (p — 1)*, while
Up—1 = Ap_1, Up—2 = Ap_2 by (6). Hence, dividing the left side as ((u +
Dp)™ = (u+1)"p",

(u+1)*[p"ip] = c(p—1)Ap—1 — Ap — 1)*Ap_2 = "4, (mod p),

the last equality being the exact recurrence (1) at n = p—1 (where (n+1)" =
p*). Thus p*u, = (u+1)""p*A4, (mod p).



Step 5 (insert the block-0 seed). By Proposition 1, p*A, = Bp__ll, SO
piuy = (u+ 1)_"“31,0__11 (mod p).

Step 6 (compose). From (5), p"G, = Wy, (p"u,). Now Wy, = AP/ (up+
1)® with (up + 1) = 1 and AP = A" (Fermat), whence
)\U

FGy =N (1) B =
p (U ) P 1 (U—f—l)’i p—l

(mod p). O

Remark 1. The key structural point is that no step divides by B,. The
obstruction posed by a run — a zero of B inside the block — is dissolved
by (6), “the shifted second solution is congruent to the original one modulo
p”. This is why Lemma 4 is unconditional (subject only to p { AB,_1) even
across blocks that contain a zero.

6 Pliicker compression: where a second step is
needed

The single-step Casoratian G, of Lemma 4 lets one advance the seed from

block u to block w4 1 whenever the endpoint value B, (or, below, By1)

is a p-unit. To cross a block boundary sitting at a zero of B one needs the
two-step cross-Casoratian

GP = Atur2)pBup = AupBlurayp O<u<p-3),

u

the range guaranteeing (u +2)p < (p — 1)p < p?, so that Vp(Aquga)p) = —F
and p”GgQ) is p-integral. The following Pliicker (Cramer) identity shows that
G(u2) is determined by the single-step data of Lemma 4 except at a zero.

Proposition 2 (Pliicker compression). Write v(z) = (A, Bs)' and
D(z,y) = detjv(z),v(y)] = AyBy, — AyB,. For any three indices, the
Cramer relation in the two-dimensional solution space reads

D(z,y)v(z) — D(x, z)v(y) + D(y, z) v(z) = 0.

At (z,y,2) = ((u+2)p, (u+1)p,up) one has D(z,y) = Gyt1, D(z,2) = G
and D(y, z) = Gy, so the B-component reads, exactly,

Gu+1Bup - GSLz)B(u—i-l)p + GUB(U+2)P = 0.

Multiplying by p* and reducing B(y1iy, = Bu+i (mod p) (2) gives, for 0 <
u S P — 37

[p’{Gq(E)] Bu+1 = [pKGu—l—l] Bu + [pHGu} Bu+2 (HlOd p)> (7)

7



with right-hand side known from Lemma 4. Consequently, whenever p 1
By+1, the value p"GSE) is determined by Lemma 4; the two-step seed is
genuinely required only at the boundaries with p | Byy1, that is, at a block

whose left endpoint is a zero of B.

Proof. The Cramer relation holds because three vectors in a 2-dimensional
space are linearly dependent with the stated determinant coefficients. The
three determinants are the displayed cross-Casoratians by definition. All
three products [p"D(:,-)] By, are p-integral (v,(D) > —x since the indices
are < p?, and the B’s are integers), so the exact identity may be multiplied
by p" and read modulo p, factor by factor, with (2) applied to the integer

factors. If B,41 is a p-unit, (7) solves for p”Gf). O

Remark 2. Taking the same three points in the A-component (multiplied by
p?*) gives an alternative derivation of the chain, but at a zero the coefficient
of the two-step term does not vanish and the relation becomes circular;
this is a second confirmation that the two-step seed is genuinely “one level
deeper” precisely at a zero of B.

7 Hypothesis V6 and the induction chain

The chain that lifts Proposition 1 to all j runs on the single-step relation of

Lemma 4. Put
Xj = pﬂAjp, 3/] = Bp__llAj.

Proposition 3 (induction chain). Assume p t ABp,—1 and let 1 < j < p.
Write Tmin(p) := min Z(p), with ronin(p) :=p — 1 if Z(p) = @.

(a) Lemma 4 is equivalent to the one-step relation

N
Xj+1Bj — Xij+1 =B

p—1 m (mod p), (8)

and Y satisfies the identical relation exactly (its Casoratian is W; =
N/(G+1)").

(b) If pt Bj, then X;q1 is determined by (8) and X1 = Y41 (mod p)
follows from X; =Y;.



(¢c) If p | Bj (so j € Z(p) and B;_1 is a p-unit by Lemma 3), then X1
is reached from X;_1 by the two-step congruence

c(j) N~

P (AG+1pBi-vp — AG-pBisnp) = B,y -7 (mod p),
3 +1)
(9)
which is precisely Hypothesis 1 (V6) below at u = j — 1 (its condition
p | But1 holds); the companion identity on the Y -side, Aj1Bj_1 —

A 1Bjp1 = c(j)W;—1/(j + 1)*, holds ezactly.

With base cases Xog =0 =Yy and X1 =Y (Proposition 1), the congruence
X; =Y, (mod p), i.e.

prAj, = Bp:llAj (mod p), (10)

holds unconditionally for every 1 < j < ryin(p) — hence for all1 < j <p
when Z(p) = @ — and for every 1 < j < p under Hypothesis 1.

Proof. (a) Expand Gj = A(j41),Bjp—AjpB(j41)p, multiply by p*, and reduce
Bjp = Bj, B(j11)p = Bj+1 (2); Lemma 4 becomes exactly (8). The exact
Casoratian A;11B; — A;Bj+1 = W; multiplied by Bpill shows Y satisfies
(8). (b) If B; is a unit, (8) for X and its Y-analogue, subtracted, give
(Xj41 = Yj41)B; = (X; = Yj)Bj1 (mod p), so X; = V) = Xjq = Vi
(c) The left side of (9) is p”G§2_)1 and the right side is the value asserted by
Hypothesis 1 at u = j — 1; the Y-companion follows by expanding A;1,
Bj+1 once through (1) and using Aij,1 — Ajlej = ijl- As Bj,1 is a
unit, subtracting Bp__l1 X (Y -companion) from (9) gives (X1 —Yj41)Bj—1 =
(Xj—1—Yj_1)Bj+1 (mod p), which transports X;_; = Y;_; across the zero.

For the aggregate claim, run the chain upward from the base cases. Every
transition j — j 4 1 with j < iy, is of type (b) (no zero has yet been met),
so X; = Y; holds unconditionally for all j < ryn; note that X, . itself is
still reached by a type (b) step, since B, _. _i is a unit. The first transition
of type (c) occurs at j = rpin € Z(p) and invokes (9); beyond the first zero
every further value depends on that invocation, so the unconditional range
is exactly 7 < rmin, and under Hypothesis 1 the chain continues through
every zero to all j < p. O

By Proposition 2, the value p"Gg) is a consequence of Lemma 4 whenever

p 1 Byut1. At the transitions of type (c) one has u+1 = j € Z(p) — exactly
the excluded case. The required input is isolated as follows.



Hypothesis 1 (V6). For every sporadic family and every prime p > 5
with p t ABp_1: for every w with p | By41 (necessarily 0 < u < p — 3, by
Lemma 3), the two-step congruence

k() — 1 Clut1)A"
PO = B L e s 2

(mod p)

holds.

Hypothesis 1 has been verified exhaustively (693 cases, zero failures; Sec-
tion 11). It is not a formal consequence of Lemma 4: a backward-mirror

analysis of Gg) at a zero determines, modulo p, that the backward (1,0)-
solution dies across the boundary and that the coefficient of the surviving
branch is Bp__ll, and yields the boundary relation p®wpy1 = 0; but the
residue wp11 mod p itself is not determined by mod-p information alone.
Concretely, a forward shift identifies wp1 = A7 ((u+2)/(u+1))"1p41 with
iy = By—1 (mod p) (z < p), and p~iiy41 reduces to a shifted mod-p* Ges-
sel congruence. Thus a proof of Hypothesis 1 requires a mod-p? (indeed
mod-p?) input of Gessel-Straub type: Straub’s expansion [12] A(pn + k) =
A(K)A(n) + pn A'(k)A(n) (mod p?) applied in the shifted window, read
against the boundary recurrence to one higher power of p. We record it
as a hypothesis and do not carry out this step here.

8 The main theorem

Theorem 1 (twisted Dwork seed). Let (Ay), (By) be the two solutions of a
sporadic recurrence (1) and let p > 5 be a prime with p{ X Bp_1. Then

prAj, = Bp__l1 A; (mod p)

holds unconditionally for every 1 < j < rmin(p) — in particular for all 1 <
Jj < p whenever Z(p) = & — and for every 1 < j < p under Hypothesis 1.
Equivalently the seed constant of (3) is Co(p) = Bp:ll (mod p), and C1(p) =
bCo(p)-

Proof. The seed (10), with the stated unconditional range, is Proposition 3:
its only conditional steps are the type-(c) transitions at the zeros of B, and
the input needed there is exactly Hypothesis 1 (Proposition 2 covers every
other boundary). The relation C; = bCj is the boundary degeneration:
multiplying (1) at n = jp by p* and reducing mod p, the leading coefficient
(jp+ 1)F = 1, the middle coefficient ¢(jp) = ¢(0) = b, and the trailing term
carries the factor (jp)” of valuation x and dies; hence p*A;,11 = bp*A;), ie.
C1 = bCy (the same identity By = ¢(0) = b holds on the integer side). [

10



Corollary 1 (unconditional primes). If Z(p) = @ (no zero of B in [0,p)),
then p"Aj;, = BpillAj (mod p) for all 1 < j < p unconditionally. Under a
Malik—Straub-type heuristic [6] the density of such primes is e 12,

Proof. 1f Z(p) = & then ryin(p) = p—1 and every transition in Proposition 3
is of type (b); Hypothesis 1 is never invoked. O

Corollary 2 (comparison of the two seed routes). For the two families with
trivial character (D = the ((2) Apéry sequence A005258, and Apéry’s ((3)
sequence A005259, where k = 3, A = 1) and every prime p > 5 withp { Bp—1:
By—1 =1 (mod p).

Proof. For these families the Ljunggren-route seed of the companion
work [14, Prop. Sp, Tp] gives, unconditionally, p"A4, = A; = 1 (mod p)
(with A the second solution normalised by A; = 1). Comparing with
the j = 1 Casoratian computation p*A4, = Bp__l1 of Proposition 1 gives
B! =1,ie By_1=1 (mod p). O

Remark 3. Corollary 2 assumes the nonvanishing of B,_; that it then pins
to the value 1. The nonvanishing itself (indeed B,_; = 1 outright, with
no hypothesis) is proved by a direct Lucas-theorem computation in Proposi-
tion 4(i)—(ii) below; the corollary then serves as a consistency check between
the two independent seed computations. Classically the two congruences
are known in the much stronger form B,_1 =1 (mod p?) (Chowla—Cowles—
Gessel, Beukers; see Section 9).

9 Character identification: B, 1 = x(p)

Theorem 1 reduces the character twist (3) to a single residue of the integer
solution:

Co(p) = Bp__l1 (mod p), hence Cy(p) = x(p) <= Bp—1 = x(p) (p).

(11)
(The last equivalence uses x(p) = %1, so x(p)~! = x(p).) Thus the observed
classification (3) is exactly the statement

B,—1 = x(p) (mod p) in each sporadic family. (12)

We now prove (12) for five of the six families. The engine is the elementary
congruence (7’;1) = (—1)* (mod p) (0 < k < p — 1), applied to the classi-
cal binomial representations of the integer solutions (see Zagier [15]; each
representation below was also verified against the recurrence for all n < 40).

11



Proposition 4 (full-index character congruences). For every prime p >
5, the congruence (12) holds in the families A, B, C, D, E; the same
computation gives B,_1 = 1 (mod p) for Apéry’s ((3) sequence A005259.
In particular the hypothesis p { Bp—1 of Theorem 1 holds automatically in
these five families.

3 - _
Proof. (A) B, =Y, (2;;) ;80 Bpoy = S0 (—1)3F = SR (—1)k = 1.
(D) Bn = >, (3) (nzk) For 1 < k < p —1 the integer p — 1 + k =
p + (k — 1) has base-p digits (1,k — 1) while k has digits (0, k), so Lucas’
theorem gives (p_}:“k) = ([1)) (kgl) = 0 (mod p). Only k = 0 survives:
B,—1 = 1. The ¢(3) sequence >, (2)2("216)2 is identical.
2 -1 -1
(C) Bu =2 (3) (Qkk)’ 50 By1 =74 (Qkk) (mod p), and 34—, (215)
x—3(p) (mod p?) is the congruence of Sun-Tauraso [13].
3k)! — _
(B) By = Ygpen(—1)F8"73(5) (k!3) . Atno=p-L (p3k1) =
(—1)3% = (=1)* cancels the sign, and 3P7'173%* = 277% by Fermat, so
By = ZO<3k<p 1 kg];)?k The range may be extended to k& < p — 1: for
3k > p (with k£ < p) the base-p addition k + k + k carries, so p | (3k)!/k!3
by Kummer’s theorem. Hence B,_; = Y 7_, k,?’;k = x—3(p) (mod p), the
last congruence being the Rodriguez-Villegas conjecture for the truncated
2F1(3, 3;1;1) proved by Mortenson [7, 8].

2 —_ —
(B) B, = Sapcn (G747 Acm = p—1: () = (- = 1
and 4771728 =167% 50 B,_1 = =D 0<ok<p_1 (%) 167%; the range extends to

k <p—1sincep| ( ) for (p—1)/2 <k < p, ande:o(k) 167% = x_4(p)
(mod p) is again a Rodriguez-Villegas congruence proved by Mortenson [7,
8].

All five congruences are verified directly for every p < 200, as are
the binomial representations and each intermediate reduction above (script
test_char_proofs.py). O

For the families A and D much more is classical: the congruence B, =
1 (mod p3) for A005258 and A005259 is due to Chowla, Cowles and Gessel
(c. 1979-82) and Beukers [1], both stated explicitly in Beukers’ survey [2,
§3]; for the Franel numbers, congruences of this type go back to Gessel [4]
and Coster [3] (catalogued in Osburn—-Sahu-Straub [10]). Proposition 4 only
claims the mod-p statements, which is all the seed theory needs.

The remaining family F. For the half-index value B, 1)/, deep re-
sults are known — the Stienstra-Beukers congruence [11] in family D, the
Beukers—Ahlgren—Ono line for A005259, and, for family F itself, the congru-
ence B(,_1)/2 = 7(p) (mod p) proved by Kazalicki [5] — but these concern
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the half-index, not (12). For the full-index form B, = x—3(p) (mod p) in
family F we were unable to locate an explicit statement in the literature,
nor a binomial representation to which the Lucas reduction above applies;
it is verified numerically for all p < 200 and appears to be new. (Osburn—
Sahu [9, Remark 3.1] relate the generating series of family C to a weight-3
Eisenstein series with character y_s; a similar Eisenstein-series mechanism,
as used by Kazalicki in the half-index setting, is the natural candidate route
for F.)

Remark 4 (a naming caveat). The sequence A002893 (family C) is occa-
sionally called “Domb”, but the standard Domb numbers are A002895 =
>k (2)2(2:) (2(:__:)), which are not among Zagier’s six sporadic sequences
(they satisfy a different, third-order relation). The congruence D, = 1
(mod p?) of Z.-H. Sun (partly proved by Mao-Schlosser) concerns 4002895,
not A002893; the two must not be conflated.

Remark 5 (archimedean counterpart). Zagier [15, §3] describes the gen-
erating functions of the second solutions as Eichler integrals of weight-3
Eisenstein series twisted by precisely the characters of (3), the correspond-
ing special values being rational multiples of ((2) (A, D), L(x-3,2) (B,
C, F) and L(x—4,2) (E). Identity (11) exhibits the same character at the
finite places as the value x(p): the seed congruence is a p-adic counterpart
of Zagier’s Eichler-integral description of the second solution.

10 Application to the gcd structure theorem

The seed congruence (10) combines with a propagation principle to yield the
prime structure of ged(d,A,,d,By), d, = lem(1,...,n)", in each sporadic
family. The propagation principle is that of the companion work; we state
it for completeness.

Proposition 5 (propagation). Let /n < p <n, n = jp+ng, p{ ABp_1.
Set X(ng) := p"Ajpiny. Then, granting the seed (10),

X(no) = Bny Co(p) A; (modp)  (0<ng<p—1), Colp)=B,",.

Proof. Multiplying (1) at index m = jp + no by p” and reducing mod p
gives, for 1 <ng <p-—2,

(ng +1)*X(ng + 1) = c¢(no) X (ng) — AnjX(no—1) (mod p),

since the coefficients of (1) are polynomials in the index and all p*A;pin,
are p-integral (jp +ng < p?> —1). The leading coefficient is invertible for
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no < p—2, s0 X (no+1) is determined by its two predecessors. The sequence
Y (no) := Bpn,X(0) satisfies the same recurrence (the integer recurrence for
B times the constant X (0)). The seeds match: X (0) = Y (0) trivially, and
X(1)=bX(0) = B1X(0) =Y (1) by the boundary degeneration (C; = bCy,
Theorem 1). Induction gives X(ng) = B,,X(0), and X(0) = p*A;, =
Co(p)4; by (10). O

Theorem 2 (sporadic ged structure). Let (A,), (By) be the two solutions
of a sporadic recurrence, k = 2, d,, = lem(1,...,n)%, and /n < p < n with
ptA n=jp+ng. AssumeptBy_1. Then

vp(ged(dnAp, dpBp)) >0 <= p| By, or p|num(4;),

unconditionally for every prime with Z(p) = &, and in general under Hy-
pothesis 1.

Proof. As in [14], vy(dy) = k and v,(B,) > 0 > —k, so vp(ged) = K +
min(vy(A4n),vp(Bp)) > 0 <= wvy(A4,) > —k <= p | X(ng). By Propo-
sition 5, X (ng) = By,Co(p)A; with Cy(p) = Bpill a p-unit; since A; is
p-integral (j < p), p | X(ng) <= p | Bp, or p | num(A;). The char-
acter twist Cp(p) = x(p), being a unit, does not affect the criterion. The
conditional /unconditional dichotomy is that of Theorem 1 and Corollary 1.
Small primes p < \/n contribute O(y/nlogn) as in the ((3) case; the family
D instance is Theorem Z2 of [14], and the ((3) analogue is proved there
unconditionally. O

Two refinements are worth recording. First, for a given pair (n,p) the
criterion only requires the seed at the single value j = [n/p|; by Theorem 1 it
therefore holds unconditionally whenever |n/p| < ryin(p), even if Z(p) # &.
Second, by Proposition 4 the hypothesis p t B,—1 is a theorem in the families
A, B, C, D, E, so that in those five families the statement of Theorem 2
carries no hypothesis beyond Hypothesis 1 (and none at all at primes with
Z(p) = @ or when |[n/p] < ruin(p)).

This upgrades the sporadic conjecture of [14, Conj. 1] to a theorem for
every prime with Z(p) = @, and to a theorem modulo the single Hypothesis 1
in general. The ¢(2) and ((3) cases (family D and Apéry’s own sequence)
are proved unconditionally in the companion work by a Ljunggren-based
seed, to which we refer for the explicit-formula route.
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11 Numerical verification

All computations are in exact arithmetic (Python/sympy); scripts are
test_casoratian_route.py (V1-V4) and test_cross_casoratian.py
(V5-V6). Across the two scripts, 2380 prime—index checks were performed
with zero failures.

e V1 (Lemma 1). The Casoratian formula (4) and W,, = \"/(n+1)":
21 checks, 0 failures.

e V2 (identity (12)). B,—1 = x(p) (mod p) across all six families and
the stated characters: 105 checks, 0 failures.

e V3 (seed (10)). p*A;, = BpillAj (mod p): 833 checks, 0 failures.

e V4 (zero terrain). Existence and non-adjacency of the zeros Z(p)
(Lemmas 2, 3), including deep zeros v,(B,) > 2 (e.g. family D at
r = (p—1)/2 for every p = 3 (mod 4), the mod-p? shadow of the
Stienstra—Beukers structural zero); no adjacent zeros were found.

e« V5 (Lemma 4). p"G, = X\*/((u+ 1)*B,_1) (mod p): 728 checks
(including 44 across blocks containing a run), 0 failures.

e V6 (Hypothesis 1). The two-step cross-Casoratian at zeros: 693
checks, 0 failures. This is verified but not proved; see Section 7.

Status summary. Proved (for p > 5 and, where stated, pt B,—1 — itself
a theorem in families A-E by Proposition 4): Lemmas 1, 2, 3, Proposi-
tions 1, 2, 3, 5, 4, Lemma 4, Theorem 1 and Theorem 2 in their unconditional
ranges (j < mmin(p); all j when Z(p) = @), and Corollaries 1, 2. Verified
numerically but not proved: Hypothesis 1 (693 cases), and the identity (12)
for family F (p < 200). The ged structure theorem (Theorem 2) is therefore
unconditional exactly at primes with Z(p) = @ (or when [n/p| < rmin(p))
and conditional on Hypothesis 1 otherwise.
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